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The kinetic theory of particles with spin previously developed for a Lorentzian gas is extended
to the case of a pure gas. In part A the transport (Borrzman~y) equation for the one particle dis-
tribution operator is stated and discussed (conservation laws, H-theorem). A magnetic field acting
on the magnetic moment of the particles is incorporated throughout. In part B the pertaining linear-
ized collision operator and certain bracket expressions linked with this operator are considered.
Part C deals with the expansion of the distribution operator and of the linearized transport equation
with respect to a complete set of composite irreducible tensors built from the components of par-
ticle velocity and spin. Thus, the distribution operator is replaced by a set of tensors depending
only on time and space-coordinates. The physical meaning of these tensors (expansion coefficients)
is invoked. They obey a set of coupled first-order differential equations (transport-relaxation equa-
tions). The reciprocity relations for the relaxation matrices are stated. Finally a detailed discussion

of angular momentum conservation is given.

The transport equation for particles with spin,
first derived by one of us?! and again by S~ipEr 2,
differs from the classical BoLrzmanN equation for the
monatomic gas in two respects: (1) the classical one
particle distribution function is replaced by a func-
tion dependent on the spin operator too or — what
is the same — by a matrix with respect to spin
indices; (2) the collision term contains the scatter-
ing amplitude and its adjoint in a bilinear way
rather than simply a scattering cross section.

As the simplest application the diffusion of spin
one half particles through an irregular lattice
(LorenTzian gas) has been studied 3. The structure
of the distribution matrix was investigated in detail;
neglecting its off-diagonal elements might cause an
error in the diffusion coefficient comparable with the
error caused by neglecting the effect of non-spheri-
cal (spin-dependent) interaction on the cross section
itself 5. In addition to this, the diffusion of spin
one half particles in the precence of a homogeneous
magnetic field was studied by Warpmanxy and
Kuparr €.

The generalization of these methods to a pure gas
has been overdue for long and will now be given in
this paper and a subsequent one. The purpose is to
find the relations between the transport coefficients

1 L. Warpmany, Z. Naturforschg. 12 a, 660 [1957] ; 13 a, 609
[1958].

2 R. F. Sniper, J. Chem. Phys. 32, 1051 [1960].

3 L. WaLpmany, Nuovo Cim. 14, 898 [1959] ; Z. Naturforschg.
15a, 19 [1960].

4 L. WaLpmany, in Proceedings of the International Seminar
on the Transport Properties of Gases, Brown University,
Providence R. 1. [1964], p. 59.

and the various functions of scattering angle and
energy which occur in the binary scattering ampli-
tude. The relations to be derived replace and amplify
the well-known Cuapman—Enskoc ©-integrals for
monatomic gases without spin. The procedure fol-
lowed is in principle the same as with the LorenTzian
gas 3, but in the case of arbitrary spin it is somewhat
more laborious to write down the details. And of
course the physical contents are richer. At the same
time it is nice to see how naturally the methods of
classical kinetic theory are extended to this quantum
case.

The pure gas of particles with spin has meanwhile
also been treated by McCourt and Sniper 7 accord-
ing to a method which is closely akin to the original
Cuapman—-Enskoc theory. We think that the relaxation
formalism used in the present paper is desirable too
and gives good insight into the physics involved.
Furthermore, we have tried to give, without restric-
tive assumptions, a general treatment of the some-
what subtle theoretical questions arising in connec-
tion with angular momentum conservation.

Of course, the case of particles with spin has its
classical counterpart. The classically rotating mole-
cules are even more general in so far as the magnitude
of their intrinsic molecular angular momentum is not

5 L. WaLpmanN, Quantum-Theoretical Transport Equations
for Polyatomic Gases, in Statistical Mechanics of Equili-
brium and Non-Equilibrium, ed. J. Meixyer, Amsterdam
1965, p. 177.

6 L. Warpmany and H.-D. Kuearr, Z. Naturforschg. 18a, 86
[1963].

7 F. R. Mc Court and R. F. Sniper, J. Chem. Phys. 41, 3185
[1964].
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fixed. Thus it is useful to compare the generalities of
the present paper also with those of the classical
models, e.g. with WaLpmann’s work® on the
Lorentzian gas of rotating molecules and with the
paper by Conprrr, Lu, and DanLer ? on the pure gas
of rough spheres.

A) Transport Equation for a Gas Consisting
of Particles with Spin

§ 1. Basic notations. Transport equation

We describe a particle in the gas by its position
vector X, its velocity ¥ and its spin vector k8.
Position and velocity are treated as classical vari-
ables, the spin is treated as a quantum mechanical
operator. The three components of 8 can be repre-
sented in the usual way by (2S+1) x(2S5+1)
matrices where % S is the magnitude of the spin
(intrinsic angular momentum). The Cartesian com-
ponents of 8§ obey the fundamental commutation
relations 10 (u,v,4i=1,2,3)

Su Sy — 8r Su =i£‘url Si (1.1)
§:8=S(S+1). (1.2)

The macroscopic state of the gas is described by
the Hermitian one-particle distribution matrix with
elements

and

far (8, %, )

where M, M’ are spin indices, running from —S to
+S. It is perhaps more appealing to write the
distribution matrix in operator form indicating the
dependence on §:

f(t,x,v,8). (1.3)

This distribution operator is a polynomial in the
three components of the spin vector 8. Its coefficients
depend on ¢, X,V and are real. No powers in s
higher than 2 S will occur due to (1.1) and (1.2).

The physical meaning of the distribution operator
(1.3) may be inferred from the v. NEuMANN expecta-
tion value formula. Especially the local particle
density n is given by

n(t,x)=tr[f(t,x,0,8) d (1.4)

8 L. WaLpmany, Z. Naturforschg. 18a, 1033 [1963].
9 D. W. Conprrr, W.-K. Lu, and J. S. DanLer, J. Chem. Phys.
42, 3445 [1965].
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where “tr” means the trace to be taken on spin
matrices. The local mean value of any operator

¥ (x,v,8) is given by

(T):uij,v,s) Lav. s

(¥) is real for any Hermitian ¥ as f is Hermitian.

The density of the gas is assumed to be small
enough such that two-particle collisions only must be
taken into account (dilute gas). In a collision total
energy and total momentum of the two particles are
conserved, but the orientation of the spins may be
changed: spin flip.

Denoting the velocities of two particles before and
after a collision by v,’, v," and v, v, we have the

conservation laws
v, +0, =0, +0,, (1.6)
(1.7)

7’ 4
v12+v22=v12+1}22.

The center of mass velocity and the relative velocities

are defined by

V=% (v, +0,) =0, (1.8)
g=v,-v; g =v,/-v,. (1.9)
Due to (1.7) one has
g=ge, g'-ge, (1.10)
where e, €’ are unit vectors. Hence
v, .=0.t $ge; vi:=v,F ige’. (1.11)
The relative kinetic energy is
Ep=3my g% (1.12)

where m, = m/2 is the reduced mass of two particles
with mass m.

Assuming the precollisional state to be a plane
wave incoming in € direction in the centre of mass
system (where the scattering process is reduced to a
one-body problem with the scatterer at the origin
r=0), one has as the asymptotic solution of the
SCHRODINGER equation

Y =

exp(:'kr) a(e’ e’; 31’82) X122

exp(ikre’-e) +
where r is the distance r=| X, — X, |, e =the direc-

1 if u, », 2 even permutation of 1, 2, 3,
0 &= {—1 if u, v, A odd permutation of 1, 2, 3
0 otherwise.
Throughout this paper we use the summation convention:
repeated Greek subscripts have to be summed.

3 Iy
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tion of observation and k=m,,g/h. The scatter-
ing amplitude a which has the dimension of a length,
is a matrix with respect to spin indices operating on
the spinors 2; and y, of the colliding particles. 8,
and 8, of course commute. Furthermore the scatter-
ing amplitude depends on the relative kinetic energy
E,5, although this is not indicated in the above
notation.

Due to the unitarity of the S-matrix the optical
theorem for the scattering amplitude holds:

D, f(vy, 8,) =tr, [ d3v, {fa(e, e';s,.8,) f(v/,8,) f(v,,8,) a' (€, e; 8,,8,) gd’

h
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fa(e,e’;8,,8,) a'(€,e;8,,8,) gd
= [d'(e,€’;8,,8,) a(€,e;8,,8,) gd’ (1.13)
= " la(e,e;8,,8,) —a'(e,e;8,,8,)]

it mye

where d2 e’ is the solid angle element and (with mag-
netic quantum numbers M)

a' (€', @) mmy;mm, =(a(e, €)mmmymy)*

The transport equation for particles with spin
now reads [! and 1, p. 484; 2]

(1.14)

. [a(e, e;s,, 32) f(vh 31) f(vz, 32) —f(vl, 81) f(vza 82) aT(e’ e;s,, 32)] } .

imyg,

If there is no external magnetic field the differential
operator D, on the left side of the transport equa-
tion has the usual meaning

D=2 Lo %
D,=D, = +v, 5"

In the presence of a magnetic field with magnitude H
and direction h the spin vector 8 of a free particle
will undergo a precessional motion about the unit

vector h with the frequency
uH

W= o

(1.15)

(1.16)

Herein, 1 denotes the magnitude of the magnetic
moment which is assumed to be parallel to 8. In this
case one has
D, f(vy,8;) = D\ f(vy, 8y)
(9 . 9
= (§ +v,; ax)f(vl, 8;)
—iwy[h-84, f(vy,8)]
[h-8,f]=h-Sf—fh"s.

The commutator describes the free precession of the
spin.

The right side of (1.14) is the collision term. The
trace operator “tr,” operates on 8, only. Note that

(1.17)

with

the total collision term contains a term quadratic in
the scattering amplitude corresponding to “gain
collisions” and a term linear in the forward scatter-
ing amplitude corresponding to “loss collisions”.
Hermiticity of f is conserved in time according to
(1.14).

If the particles have no spin — classical case —
a and f commute. We may apply the optical theorem
and using the cross section

o(e,e’) =ad'(e,e) a(e,e)
we obtain the classical BoLrzmanN equation

D, f(vy) = [[ &vs[f(v)) f(vy)
—f(vy) f(v2)] 0 g d?".

In all our considerations we shall use the same
collision term in the case with magnetic field as
without magnetic field. Thus the energy conservation
will not hold exactly if there is a spin flip during a
collision. This simplification does not introduce a
great error because the magnetic energy is very small
compared with the average kinetic energy at room
temperature; it is entirely satisfactory for the dis-
cussion of the SEnrFTLEBEN effect, has however to be
amended in the discussion of the BrLocu equation for
spin resonance.

§ 2. Conservation equations

First we note that the scattering operator a has to be invariant under changing the names of the particles

1,2—-2,1, i.e.

a(e,e’;8,,8,) =a(—e, —€;8,,8,).

11 1, Warpmany, Transporterscheinungen in Gasen von mitt-
lerem Druck, in Handbuch der Physik, ed. S. Fiicce,
Springer, Berlin [1958] vol. 12.

(2.1)

12 In ref.! and!! a dimensionless “scattering amplitude”
aq] was used instead of a. Both are related by
aqil=ka where k=m,,g/h.
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The instantaneous local mean value of a quantity ¥ (v,, 8;) has been defined by (1.5). The time depen-
dence of this mean value is of course governed by the transport equation (1.14) which yields

3 S ) _ o
A n(%?) + B jrx 1 =I(¥), (2.2
where the P-flux is JE =n(v. )

and the local ¥-production per unit volume is
J(¥) =try try [ [ d30, d30, P, {fa(e, e';8,,8,)f/ [, d"(e,e;8,,8,)gd%

— " la(e,e;8,,8,) fi /s — 1 20" (e, €58,,85)] }

imgy
Here we use the abbreviations
Y, =¥(vy,8,); fi=1f(vy,81); L =fw/,8,) et

Changing the names of variables 1,2 — 2,1 and using (2.1) and the invariance of d3v; dv, d%” under this
transformation we obtain

J(¥) = drgtry [[ dPoy dPop (W + ¥s) {faf1,f2,ang23,- _. [a(0) fy fs—f1f2a"(0)] Jl

tmys

where a(0) stands for the forward scattering amplitude.

Now if ¥ is a spin-free function, it commutes with a and f. Furthermore, the trace of a product of
matrices is invariant under a cyclic interchange of the factors. Hence, if ¥ is spin-free we can apply the
optical theorem and obtain
J(Wanass) = 3try try [ &y &Poo (¥ + W) [fy' [ a" (€, €58,,8,) a(e, €;8,,8,)

—fifa'(e,€’;8,,8,) a(e,e’;8,,8,)] gd’.

We now interchange primed and unprimed variables in the gain term and make use of LiouviLLE’s theorem

d3v,” d%v,” d%e = d3v, d3v, d2¢’. (2.3)
This gives
-’( Tclass) == %trl try ffdsvl d3v2 6(¥,) fl f2 aT(e’ e,; 815 82) a(e’9 e;s, 8‘2) g d%’
with ) = =W =W (2.4)

Equation (2.4) is valid for any spin-free . But for ¥ =1, v., v> one has according to the conservation
laws in binary collisions 0 (%) =0 and thus J(¥) =0. This will give us the conservation equations for
particle number, momentum and energy.

§ 3. H-theorem. Thermal equilibrium transformed according to

The validity of the H-theorem for particles with f(v) =U'(v) f(v) U(v). (3.1)

spin has previously been proved by Warpman~ (s. ', The direct product fis=f, f, then transforms after
p- 484). Here we shall give a short review of these .

results: f(©) =Ut(vy,0,) f12U(vy,0,) (3.1a)
where U(v,, v,) =U(v,) U(v,). Likewise we intro-
duce a transformed scattering amplitude @ pertain-
ing to two particles with v, and v, by

a) Unitary transformation of transport equation

Here we shall use a matrix notation with respect
to spin indices omitting the variable 8. Similarly we .,
omit the variables ¢ and x. U(v) [more fully a(Vy,0,5;0,0,)

U(t,x,v)] shall be a unitary matrix with respect =U'(vy,0,) a(e,€’) U(v,,v,),
to spin indices depending on X, ¥ as parameters, at(w/,vy);v,0,) (3.2)
UUT=U'U=1. The distribution matrix may be =Ut(v,/,vy) a'(e’,e) U(vy,v,).



KINETIC THEORY FOR A DILUTE GAS OF PARTICLES WITH SPIN 1533

The transformed transport equation then reads
D, f(v,) + [Ur (v) Dy U(vy), f(v))] =t /ds% ‘fﬁ(vh 0,50/, 0)) (), 0y) @ (v, 0, 0,,0,) gdZe’

imy,

[@(vy,Vs; V4, V,) f(vl,vg) —f(vl,vo) @' (v, V55 0,,0,)] (3.3)

Now, it is always possible to choose a transformation U(¢, X, V) such that f is diagonal with respect to
spin indices for all times, space points and velocities:

Fuoty (03) = Fu(0) Owuy Z 0. (3.4)
[In order to give such a U explicitly we first would have to solve (1.14)].
The diagonal elements of the commutator on the left side of (3.3) vanish for a diagonal f and we get

OFu, (vy) .3
—at—l— +v1 a—xlFMl (vl)

= g jdavz {J‘ M'ZM , FM{ (vl’) FMz' (02’) AMan;Mn’Mz' (vla Us; vx” vZI)AII‘l{Mz';MlMg (171’, 1’2’; v,, v-z) gd"'e'
2 1 2

—Fu, (v) Fur, (v3)

[(4(vy, 055 V;,0,) —AT(Vy, Vy;04,0,)) MiMa; My My ]

Here we wrote A instead of d in order to indicate that we have used a special transformation.

We now apply the optical theorem which is invariant with respect to the above unitary transformation
(s. 11, p. 473). Using the cross section

onemy s (015057300, 05) = | Amy;memy (V1,095 0,/,05)[2

we finally obtain

%FMx (vy) +vy 7_8__ FM; (vy) (3.5)

| [F s ) Fug (0 Fo, 9 Fay 0] v, (07, 019,,0) g & .

b) Entropy and H-theorem
For the local entropy density we make the ansatz

0s= —k ZfFM‘ (vl) lnFMl (vl) dsvl; (3.6)
M,

o density, k BoLtzmaNN’s constant.
The change in time of s due to collisions is

.g(iS) —k 3 [InFy, +1] (‘Wl) .
Ot Jcoll coll
On account of particle conservation the second term will vanish and we are left with
Q(g_j)coll = %fz jij‘j‘ In FM‘ (Fu; Fuy _FMI FMz ] OM'My'; MM, gd2e’ dsvl d3v2 C

We change names of particles 1,2— 2,1 and obtain

s\ _ _ i Fagin s 2.’ 43, 43

lg(ét)cou =—1k Mlgle j‘jjln(ﬂm Fo,) [Fuy Fuy —Fum, Fu,] o g d2’ d3v, d3v,.

Then we exchange primed and unprimed variables in the second term and make use of LiouviLLE’s theorem,
finding

(g; )coll - %k ZM jjj‘ :Ml £M2 FMI' FMz' OM,'My'; MiM> gd2e’ dsvl d302 . (37)
2’ Ms
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For particles with spin in contrast to monatomic gases no detailed balance symmetry exists; in general
one has

OMy My s MsMs T OM Mo My My -

Nevertheless one can prove the H-theorem simply by using the first equality of the optical theorem (1.13).
In terms of o the diagonal element M, M, of this equality reads

> [ ommamemy (V1,095 0,0)) gd2’ = D [ ommyimm, (01,055 01, 0,) gdZe’
My My MMy

(equality of “right and left normalisation”). We multiply this equation by Fj;, (v;) Fu,(V,), integrate over
d®v, d®v, and sum over My, M,. Then we exchange primed and unprimed variables on the left side and make

use of LiouviLLE’s theorem. Thus we obtain the identity

My'My!

MZMfff (Fuy (0) Fuy (05)) —Fy, (V) Fa, (05)] 0ayny 0,0, g A2 dP0; d30,=0. (3.8)
1M2
We now multiply equ. (3.8) by —k/2 and add this identity to equation (3.7), obtaining
“1—ln (FMsFmz S Frr s Gurrn. 2,/ 33, 43
1 l (FMI' FMz' )J FMl FMz OM,'M, MMy 8 d e d vy d Vo . (39)

Os 1 J'j‘ [ Fuy Fu
ol — 1k Z j 1 M2
h (6t )coll 5 MM, Fuy' Fyy'

MMy’

But F and ¢ are non-negative throughout and
z—1—-In2>0 (=0) for positive 21 (=1).

Thus we see that the integrand of (3.9) is non-
negative und we have proved the H-theorem:

(68/6!) coll g_ 0. (310)

¢) Thermal equilibrium

The entropy of an isolated system increases until
it reaches a maximum value: thermal equilibrium.

Then (0s/0t) con, equit. =0 and this is true, if and
only if

Fu, (09) Far, (0) =Fyy (v5)) Fay (0)))  (3.11)

for all values of v, v,"; v, Vy; M" My'; My M, which
are allowed according to the conservation laws (have
a o=0).

Without a magnetic field the energy does not
depend on the magnetic quantum number, thus
Fy (V') =F (V") where F(v’) can depend on con-
served quantities only. In thermal equilibrium we
have
Uue @) Jeau= 5 (5]

25+1\2akT (3.12)

exp {— 'ijl:lkT (0= <v>)2} S -

Due to the factor dy) the spins are oriented iso-

tropically in space. The normalisation constant in

(3.12) has been chosen such that
irf[df=nas tr1=2S+1.

B) Linearized Collision Operator

§ 4. Linearization of the collision term

Returning to the general non-equilibrium case we
make the ansatz for the distribution

f=f(1+®) (4.1)

with

_ 1 m o/ . om 9
fo= 2s+1"°(2ﬁ7€r7,) exPl 2kT, " ’ (4.2)

fo 1s a standard equilibrium distribution with particle
density ny and temperature T, . The pertaining mean
velocity (v), has been taken equal to zero; this
simply means a convenient choice of the reference
system and doesn’t involve a loss of generality. Since
the magnetic energy wyh is very small compared
with kT, we use the same f, for the case with
magnetic field. @ measures the deviation of f from
this equilibrium state.

The mean value of an operator ¥ (v, 8) in the
equilibrium state is given by

(P)g=tr {'P(v,s) ’{id%.

v 0

(4.3)

Further, the obvious properties of f, are stated

fo(©) =fo(—v)
fo(©y) fo(v2) =fo(vy) fo(vy).

The second equality holds on account of the energy
conservation.

(4.4)



KINETIC THEORY FOR A DILUTE GAS OF PARTICLES WITH SPIN

The product of two one-particle functions occurring
in the colilsion term of (1.14) reads

fifa=for foo[1 + Py + Py + Dy Dp].  (4.5)

We assume that the deviation of the system from the
standard equilibrium state f, is small such that we

can neglect the quadratic term @, @,. In this
approximation we obtain from (1.14)
D(®D),+w(P);=0. (4.9)

Here, according to (1.17), one has
P L T
D(qs)l:(»a_t +v aﬁ)l iwg(h-8, D, — D, h-8,]
4.7)

and the linearized collision operator
(D)= —try [ dvs foo
. { [a(e, €’;8,,8,) Pi>a'(€,e;8,,8,) gde
—'i':}; [a(e,e;8,,8,) Dy, — Pyya'(e,€;8:,8,)]
(4.8)
has been introduced with the abbreviations
Do=D+ Dy; Dy =D+ Dy,

From the definition of the collision operator » we
see that [w(D)]T=w(DT). Hence w (D) is Her-

mitian if D itself is so:

[0(D) ] = (D). (4.9)

1535

Again f will remain Hermitian if it is so at time
t=0. The mean value of a Hermitian @ formed
according to (1.5) will then be real at any time.

If @ is a spin-free function the collision term can
be simplified by using the optical theorem

(D)= [[ fo2(P1z— Dy5) (4.10)
‘tr,[a(e, e’; 8,,8,) a' (€', e;8,,8,)] gd2e’.
Due to the conservation laws one has

w(l) =0, w(?®) =0, w(v.)=0. (4.11)

§ 5. Collision brackets
We define the collision bracket of two operators
¥, @ by
(Y’w(¢))0=trljfr—‘:l~le(Q)ldsvl. (5.1)
0

The complex conjugate of the collision bracket is

defined by
(0 (D))" = (Pt (D)),
If ¥, @ are Hermitian, one has after (4.9)
(Yo (D))" = (¥ (D)), (5.2)
the collision bracket is real.

Now we shall show some further general properties
of the collision bracket.

a) The positive semi-definiteness of the collision bracket

In order to show that the collision bracket of a Hermitian operator ¥ with itself is non-negative we only
need the trivial symmetry (2.1) of the scattering operator with respect to interchange of names of particles

and the optical theorem (1.13).

Using (1.13) and interchanging names of particles 1,2 — 2,1 we obtain

(Po(¥?))g= ttrtry jnl—fm foo P12 { —a(e, €) ¥, a' (€, e)

+a(e,e’) d'(e,e) V,,} gde dv, d3v,.

Now we use the cyclic symmetry of tr; tr, applied to a product of operators:

(Po(¥))o=1tr tr J.%fol foo {—¥12a(e,e) ¥

’

wa'e,e) +¥,a(ee€)al(e,e) ¥,

—a(e,e’) ¥, a' (e,e) ¥, +a(e,e)a'(e,e) P, Vis) gd2e dPv, d3v,.

According to the first equality of (1.13) the last term is equal to

| ’
i, try h, foi foz a (€, @) Wys Wisat (e, €) g d2e dPv; d%vs.
0
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Finally we exchange primed and unprimed variables in this term, using LiouviLLE’s theorem. With the

abbreviations
A=Y 5a(e,e) —a(e,e) ¥,,';

we get

Ayt =d'(e’,e) V- ¥y, d'(€, e),
(Po(¥P))e=1 j ,: for foo try tro(Aye Ayo") g d% APy d%v, 2 0.
0

(5.3)

As the integrand is non-negative one has the desired property
(Yo(¥)),20.
This collision bracket is 0 if and only if 4;, = A{2=0 or
Yea=a¥,, .

b) The corresponding collision operator

In order to investigate the consequence of exchanging two operators @, ¥ in the collision bracket we

define a “corresponding” collision operator & by 3

& (W), = —try [ Bvs foo {fa*(e, e:s,,8,) ¥, a(e,e;s,,8,) gde

h

(5.4)

+ - [a'(e,e;8,,8,) ¥y — Pipale, e;8,,8,)] } .

imy,

If one explicitly writes down (D &(¥)),, exchanges
primed and unprimed variables in the first term
using LiouviLLE’s theorem, then exchanges the names
of particles 1,2 in all terms containing ¥, and makes
use of the cyclic symmetry of the trace one finds the
interchange property
(B5(P))g=(Po(D))y.  (55)

Note that @ %, in contrast to the monatomic gas.

¢) Parity invariance

One says the parity is conserved during a collision
if the scattering operator a is invariant in the follow-
ing sense (P-invariant)

(5.6)
For any operator ¥ we define another operator ¥p,
the “mirrored” one, by
Yp(v,8)="(-0,8).
If Vp=t¥
one says ¥ has even (+) or odd (—) parity.
Writing down the collision bracket (¥ o (D)),

explicitly, changing integration variables in the way

a(e,e’;8,,8,) =a(—e, —€';8,,8,).

V1,003 0,,0) > — 0y, —Vy; — 0, —0,;
e,e— —e, —¢€

and using the P-invariance of the scattering amplitude
(5.6) and the definition (5.7) we see that

(W (D) Vo= (Pro(Dp)Yo.  (5.9)

Due to this identity the collision bracket of two
operators with different parity will vanish 3.

d) Time reversal invariance

Now we assume the scattering operator to be in-
variant under time reversal or 7T-invariant which
means
a(e,e’;8,,8,) =a(—e€’, —e; —8;, —8,).(5.10)
The scattering amplitude has to be considered as a
polynomial in the components of 8;5. The arrow
pointing to the left indicates that in products of
components of 8y the factors have to be taken in the
reverse order compared with the original function
indicated by arrows pointing to the right.

For any operator ¥ we define a ¥, the “time
reversed”’ one, by

W, (v,8) =P (—v, —8). (5.11)
It Wy + W (5.12)

one says ¥ is even (+) or odd (—) under time
reversal. Obviously, for a product of two operators

@ YV one has
(PY)p =¥ Dp. (5.13)

Furthermore, from the invariance of the commutation
rule (1.1) under time reversal (i.e. changing sign
of 8 and order of factors), it follows that

tr F(8) =tr F(—8)

where F is any function of 8.

(5.14)
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In order to study the behaviour of the collision bracket under time reversal we write down (P @ (%)),

according to (5.4), at the same time using (5.14)

(P (V))y = —trytry jjdsvxdsvz : fot foz {fa(e’,e; —;—, —;:)

1’ (—81, ) a*(e e’;

[a(e,e; —8;, —8,) !

img,

Now we change integration variables according to

V1,055 0,0 = — 0, —0y; — 0, —0,;

e.e— —e, —¢,

use the T-invariance of the scattering operator and
the definition (5.11). This gives

(Pa(¥) )= (Pro(¥r)),. (5.15)

But according to (5.5) in any case the @-bracket can
be replaced by a corresponding w-bracket, yielding

(Po(D))g=(Drow(¥Pr))e. (5.16)

This important relation expresses the time-reversibility
of the binary scattering amplitude in terms of the
collision brackets. It will give us the Oxsacer—CasI-
MIR symmetry relations for the transport coefficients 3.

e) Isotropy

The collision operator o is invariant with respect
to a rotation of the coordinate system. Thus, the
operator @ will map a @ which is an irreducible
tensor of rank [ into a tensor of the same kind.

§ 6. Symmetries of V- and 8-brackets

In the part C we shal expand the linearized trans-
port equation in a series of certain basic functions
which are then eliminated. In this process the differ-
ential part D (@), leads to v- and S-brackets of the
following type

(!I’|v]q3)0=trj'fl—';¥’v¢d3v, (6.1)

(P8 @)0=trjii Pish_Ds]dw. (6.2)
0
We ask for their general properties.

a) v-brackets

Because v does not depend on the spin and due to
the cyclic symmetry of the trace one has

(P|v|D)y=(P|V|¥) (6.3)

1‘»‘(_811 —s‘)) = ]/1,( 515 —8)) a'(e,e; —31, —8,)] D(-8 1)'

e

—sl, —s,) di(— 1),gd2

J’

Changing the integration variable ¥ to — v and using
the definition (5.7) we see that

(P|v|D)g=—(¥p|v]| Bp), (6.4)

Thus the v-bracket will vanish for two operators
¥, @ with equal parity.

Using (5.13, 14), changing the variable ¥ to —v
and using the definition (5.11) we obtain

(P]v| D)=~ (Dr|v|¥r). (6.5

Furthermore according to (6.3) one can interchange

@7 and Y7 on the right hand side:
(P]o[@)g=—(¥r[v]|Pr)o.  (6.6)

Thus the v-matrix element will vanish for two
operators with equal behaviour under time reversal.

b) s-brackets

Due to the cyclic invariance of tr one has
(¥|s| cb)o:ujim [(PWs_Ds W] dd
)
=—(P[s|¥), (6.7)
If we change the integration variable v to — ¥ and
use definition (5.7), we see that
(V[8|D)o=(¥r|8|Dr)y (6.8)
Thus the 8-bracket vanishes for operators @, ¥ with
different parities.

Applying (5.14) and changing variable ¥ to —v
one has

(V|8|D)y= —trj’% (DPr8 Wy —8 Pp ¥yl dv
—(Pr|8| ¥r)o
According to (6.7) one can rewrite
(Y/]sld))o: 'I’TISI(PT)O (6.9)

Thus the S-bracket will vanish for operators with
opposite behaviour under time reversal.
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C) Solution of the Linearized Transport
Equation by Expansion with Respect to
Irreducible Tensors

§ 7. The orthonormalized tensors

The standard distribution function in thermal
equilibrium does not depend on the direction of the
velocity vector ¥ nor on the spin vector 8, see (4.2).
But the deviation of the distribution from standard
equilibrium in general depends on v and 8. We shall
expand @ in terms of a complete set of orthogonal
functions depending on v and 8 . The expansion
coefficients will be shown to have a simple physical
meaning if we choose the special orthogonal system
of functions to be presented here. The procedure is
analogous to that used by WaLpmann in the discussion
of the LorenTtzian gas of particles with spin? and of
classical rotating molecules 8.

Instead of ¥ we use the dimensionless variable V

1/ m -
= ﬁv (7.1)
and put
fo(O) dBv= Do a7 BY = f(V) &Y.

(2S+1)

As an orthogonal system in V-space we choose the
eigensolutions of the quantum mechanical harmonic
oscillator

DE (V) <SPy () VY1 (V)  (7.2)

with ,n=0,1,2,... . The S™ are Sonine poly-
nomials of the n-th power in V. The spherical har-
monics Y depend on the polar angles of V=V/|V|.
The “angular momentum quantum number” [ =0, 1,
2 ... corresponds to scalar, vector, irreducible 2"
rank tensor etc. N=2n+1! is the highest power
occuring in V. Instead of the above representation in
polar coordinates we shall use CarTESIAN com-
ponents. The first few nembers of this orthogonal
system are listed in Tabe 1.

As an orthogonal set in S-space we take the irre-
ducible tensors which can be constructed from the
CartEesiaN components of 8. The first few members
are

]., Suy SuSr = % (S‘u Sy + Su Sx') - %‘S(S -+ 1) 6;“ .

S. HESS AND L. WALDMANN

] . irreducible
L ki ) eitors 2nd rank tensors
N 1=0 =1 1—2
0 1
1 Vu
D) yz—3 VuVy—4V28,,
=V,V,
(V2= Vu
4 jV4—5V2+‘§5 (Vz—%)mv

Table. 1. Orthogonal system in V -space.

As the irreducible tensor of rank n>2S vanishes
for spin S, retaining the first two (three) terms is
exact for spin S=3% (1).

We obtain the complete set of orthogonal func-
tions by combining the irreducible tensors in V- and
8-space. We will not handle the whole complete set
but we shall truncate the pertaining infinite system
by retaining only the first few members up to tensors
of 2" rank and of 4" power in V, 8. Table 2 shows
the first composite tensors. For the &-tensor see 1°.
In the columns P, T we note the parity and time
reversal behaviour of the tensors (see 5.8; 5.12).
L=0, 1, 2 ... characterizes scalars, vectors, 2"
rank irreducible tensors, . .. True scalars (P L = +0),
polar vectors (PL= —1), true 2"! rank tensors
(PL= +2) are denoted by @, @., D.., pseudo
scalars (PL= —0), pseudo vectors (PL= +1),
pseudo tensors (P L= —2) are denoted by ¥, ¥,,
¥ .v. Quantities of the same kind are distinguished
by consecutive superscripts. We have used the follow-
ing abbreviations for the irreducible CartEsIAN
tensors (symmetric, vanishing traces)

aub, =% (aubr+arby) — Ya,b,0,0, (7.3)
Qu @y @ =0y @y a7 — 3 @y (au 0,1+ @ 0,1+ a1 0uy).
(7.4)

Tensors with different L’s or different P’s are ortho-
gonal. The normalisation constants in Table 2 are
such that the following orthonormalization relations
are valid for tensors of equal rank and equal parity:

scalars (PO @)y — (PO P = 50k, (7.5)
vectors (D $P) = (PP P®)y =0 3, , (7.6)
9 rank (DU BEL) = (PDPEL Yy =00 Ay, . (7.7)

tensors
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Total | |
Power| Scalars PLT | Vectors ‘ PLT | 2nd Rank Tensors PLT
0 oM =1 +0+ | \ 7
1 op—yzv, i
'PE}) = ,VSES,, +1— i
0 |
2 £ | s
D) — ]/g(vz +0+ oD =y2 V.V, +2+
pa— V2 Veose —04| oD =13 ¢, V,q —14+| PR = “i Vusy o B
So ‘ So 1
| ‘
| o0 = ]/ sm 424
| (3) __ 4 " 5 1_ _i
| it
: | n_ V2 AV ?
c IS
‘; ! ‘ 0] 3 14 | | (2) ViO T
= Susy Vy —1—| ¥ = xSy V. -2
| =3 VE VaVosy |+1—| 88 = 2 ¢, V,Vasx | +2—
“ So 5 So i
| B | 7\
4 | PB= 7(V 5724 ) 0+ | —1 (4) — 2 _ g
5 4 =0 | +| @5 V7 ve—__\y,v, |+2+
2 1 5 ‘ /6 1 (pa_ 5 3 \o—
| Py —— V2—V)V S —0+| P =1/ 1 (p2 f-) 3 _ 2 3 5 _
v V5 So ( oSe +) Ep 5 S 5 v =% —5—<V2—-§-)Vusy 2+
| euvs V8 ) Vg / 3
@)= Vo Vz_,.,)'—
- ; 1 S 7y 2 ey |+2+
(4) — V3 @w_ V6 5.5y 6 313
o= VuVssuss +0+‘ WP = g Vo Vesess| +14| 00— SKSI A
W= 2 1/5 7,¥,Vys |—
v S 7 uVyV;8; 2+
() — 2 Susvsi V. 2
uy S()Sl Sa usy 2 —2+

Table 2. Composite orthonormalized system in V, s-space.

Abbreviations: Sy=}S(S+1), S;=

The d’s are the usual Kronecker symbols. The iso-
tropic 4" rank tensor 4., . is given by

Y| ‘% (6y‘u' ‘6vv’ + 6;0" 6»',14') = % uy 6/4'1" .
Obviously one has:
A;w, y'v'=Ay'v', uvs A,u‘u, y'v'=0; Ayv,u)':s- (7.9)

The spin traces which are needed for the calcula-
tion of the normalization constants, v- and s-brackets,
are given in the appendix.

In the following the functions of Table 2 will be
used only up to total power 3 (with one exception).

wv, u'v' =

(7.8)

VS(S+1)—1, S;=VYS(S+1)—2.

§ 8. Expansion of the distribution matrix.
The meaning of the expansion coefficients

Now we expand the relative deviation @ from the
standard equilibrium state with respect to the com-
plete set of orthonormalized tensors introduced in

§7:

f=f(1+ D)

=fo [1+ Z (a® PF) 4 p&) PE) 4 o® B (8.1)

b(k) yj(k) +a (k) (p(k) ] b(k) g/(k) . ) ]
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The expansion coefficients a*', b7, o p¥ |
are functions of ¢ and x.
The meaning of the expansion coefficients will be
seen if we multiply (8.1) by @@, Wi @  wd,
. respectively, integrate over d®v and take the trace
on spin indices. Using the mean value formula (1.5)
and the orthonormality relations (7.5 —7.7) of the
expansion tensors we see that
n( D) =ny (60 +a®), n(PO) =nyb,
n( DY) =nya?, n(PP) =ny b,
n( D) =nyafl), n( L) =ng bl
The coefficients may be interpreted in detail by
using Table 2 and going back to the original velo-
city v according to

(8.2)

V=V3v/v, with vy= V3kTy/m. (8.3)
Besides, we introduce the temperature of the gas by
$kT=(E) with E-=$m? (8.4)
the heat flux
q=n((E-3kT) V), (8.5}
and the pressure tensor
pw= (mv.vs) . (8.6)

Again we use the abbreviations Se=VS(S+1),
S;=VS(S+1) —%. Now we are ready to give the
physical meaning of the first few of the expansion
coefficients:

a) scalars (8.7)
a® = """ (Jeviation of particle density),
Ty
@_1/3 n T-T, - i’
a “/ S T, (deviation of temperature)
b) pseudo scalar (8.8)
V3 “ 2
ey (v'8) (“longitudinal spin”).
c) polar vectors (8.9)

aVh=y3_"_ (v) (gas velocity),
Ny Uy

N . “p -
a B e (v x8) (“azimuthal spin”),
@®-1/6r 1
« Vs e T WE=¢ KT, ¥)

[Q+f? k(T —Ty) n(v)]
(energy flux),

1
_1/2 gk Ty v
3V A A
2 So 1 "o”o

(3} (s'vs+sv-s)— 15°%v),

(5 3 1
ab - 2oL n ((E- §kT)vx8)
3 n

(Evx8)— ij;’iaf?’.

T V5 neSokTov,

S. HESS AND L. WALDMANN

d) pseudo vectors

b _ V3

So no
5 3
e V2 Synq E0
_3 n
N V2 So "o”og
3 _ 795 n <
V10 S, ng vy?

(8.10)

(8) (vector polarization),
((E—Ey) s)
— /3 pw
/30,
vV vS—%v°S).

e) 2"4 rank tensors

8.11)

(1) _ 3 n 1,2 0 5
all) = 7 EU?'T (vivy —3v*>0u)  (friction tensor),
'))_ 15 n . .
aial= 5 S S (susv)  (tensor polarization),
e
3_ 3 n , ;
a/w ‘S“o— o U02 ( Euin Uy Vi Sx > =
f) 2"d rank pseudo tensors (8.12)
3 n
b= 2 {vu sy
HE So v 1y < a > ’

B Y15 B

Euin Sr 8L Vx )
Sy Sy ne vy ( )

§ 9. Expansion of the transport equation

Now, we insert the expansion (8.1) for @ into the
linearized Bovrrzmany equation (4.6). Multiplying
by fo @O, fo PO, fo @D | f, PP, ... respectively,
integrating over d®v,, and applying the trace tr;, we
obtain a set of coupled linear differential equations
for the expansion coefficients a¥, b, a7, b, ... .

We shall discuss the different terms of these
equations separately.

a) O/Qt-term
Due to the orthonormalization of the expansion
tensors we simply obtain from the S®/3t term in
the BoLTzMaNN equation
Jad  3b(  Jaff b
3¢ > 8¢’ Q> 3 T
b) Convection term
The convection term v.(3®/3x.) leads to the
v-brackets defined in § 6. The v-brackets vanish for

expansion tensors of equal parities (see § 6). Further
general relations follow from the isotropy of space,

€. g
¢(' |'Uu )0-—
Q)(ll lv‘“ \ qjv. > -

these quantities must vanish due to the absence of a
preferential direction. Introducing “reduced’’brackets
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(PLi|v|—PL k), we now list the v-brackets which

may be non-zero from these general reasons.

(DD | v,| DPYo=(+0i|v| —1k) du,

WO [0, ¥9)= (—0i[v] +1k) 8, OV
(P[0 | W8 Y= (= Lilo| +1K) ews,  (92)
(P v.| PEVYo=(=1i|v]| +2k) Aw,wr,
(P9 v, | OB o= (+1i|v]| —2k) A :zy,u'v’,(9.3)
(DR T8 o= (+2i|v] —2k) Ounawr -

(9.4)

This list has to be completed by the symmetry (6.3)
valid for any two function @ and ¥ (no distinction
had been made in § 6 between proper and pseudo
quantities) . The isotropic 4" rank tensor /\ has been
defined in (7.8). The new one [ i > is an iso-
tropic tensor of 5'" rank, namely

Duv, A, u'v

= % (6;4;4' Eviy’ + 6_ur' Evin' + 6»’#' Euv’ + 6vv' E.ui..u') . (9.5)
It has the properties:

D;u', oy = — D‘u'v', Ayuv D‘u.u, Lauv= 0 N

[:];4)', w' = i’evlr' P’ D;w, hyw' Eviy = l-25- (9.6)

We obtain the reduced brackets themselves by con-
tracting and noting

6[¢,u=3,
This gives
(+0i|v| —1k) =3 (DD v, BP),,

Ayv, uy = 5.

Euvd Euvd = 6,

—0i|v| +1k)=3(PDy, T,
(=1ilv| +1k) = }ewi( DD v, PP,

=3 (PO xp)- FE),,
(=Lilo]| +2k) = 3 (P v, BR),,
(+1ilo]| —2k) = (PP, PR),,
(+2i|v]| —2k)= o (DD v TE),.

(9.7)

Keeping in mind that
(oi]v]oi) =V3E vl

we may evaluate the reduced matrix elements by
inserting the functions from Table 2 and performing
the trace and the V-integration. The results are in-
corporated in the expansion equations given in § 11.

L7l

¢) Spin precession term

With a homogeneous magnetic field the transport
equation contains the term — iwy(h-Sf—fh-s).
This term leads to the S-brackets defined by (6.2).
As shown in § 6, the S-brackets vanish for two
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tensors with different P- and T-behaviour. Due to
this fact and due to the isotropy of space only the
following 8-brackets occur:

M so| P)o=(+0i|s| +1k) 6u,
(PO |5, | DPYg=(—0i]s| —1k) duz, (9.8)
(DD 50| BPYo=(—1i|s| —1k) e,
(PO s, | TPYo=(+1i|s| +1k) eun, (9.9)

Y| s, | TE )0— (=1i|s] —2k) Nw.wv 5
WOl 5, | BEL Y= ( +1]s| +2 k) A5 (9.10)
DY) 51 | DE) )0 ={+2i|s| +2&) 1, 0% s
PO s | Y’,‘l b Ye=1{—=2i|s| =28} Owr.a.5% «
(9.11)
The list has to be completed by the antisymmetry
(6.7). The reduced s-brackets (P L 11 s i PL’ k) may

befound by contraction (similar to the v-brackets).

(P
(
(
(

d) Collision term

The collision operator w maps a tensor of given
rank and parity into a tensor of the same rank and
parity. Due to this fact and to the isotropy of space
in general only the following non-zero collision
brackets occur:

(DD (D®) Vg =(+0i|w| +0k) =@,
(PO (P®))g=(-0i|lw| —0k) = »™,9.12)
(BP0 (DP) )= (—1i|ow|=1k) b = & r,
(PP (P o= (+1i|@|+1k) du = 06,0,
(9.13)
(+2i|o|+2k) Nw,w»
= 0@ Apurr s
kY A, wy
= w(i"‘g) Vg sve =
(9.14)
The reduced collision brackets (Pli|w|PLFk) for
which a second, simpler notation has been intro-
duced, may be found by contraction:
W) =} (8D o (BP) ),
o =4 (F o (P )y,
w(”‘) =1 (Iw(DH)),,

b5

=} (P (FE))g

b

(DD (DPE) ) o=

(PR (P )= (—2i|w|-

(9.15)

These coefficients are termed relaxation coefficients
of the system.

By our expansion procedure the transport equa-
tion which is an integro-different equation for
the distribution operator is reduced to a system of
coupled linear differential equations for the expan-
sion coefficients of the distribution operator. These
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Qald
ot
_ob(l)

Cay’

ot
+(—1i|v] +1k) rot,

S
3t

+ Z [(+0i]|v] —1k)diva® —iwu(+0i|s| +1&) h-b® +w ™ am)=0

+Z[—mH< 0ils| —1kyh-a®+(—0i|v|+1k)div bk +o ™ pk]=0

+ 2 [(+0k|v| —1i) grad,, a®) +icm (=0k|s| —1i) b, b¥)—iwn(~1i|s| ~1k) (h X a ),
bW +{(—1i|v|+2k) *(-)— —iwa{(—1i|s| —2k)h, bif”,,)+w('k1)a(,“]~0
+Z[sz(+0k|s[+lz>h k) 4-(—0k | o] +13) grad, b®W) —(—1k|v| +1i) rot,a )

—iwp (+1i]s| +1kY(hxb®) ,—iwg{(+1i|s|+2k)h,a® +(+1i|v| —2k) °b"” +o'®s®1—0

Oa;(;‘:); Z § a u (k) (k
3 + (=1k|v|+2i) 3, +ion(+1k|s|+2i) b, b’ —iwa{(+2i|s|+2k) eunr by all)
b—"
+(+2i|v] 2k>em°a z 408 B <0
) a )
(f
b .
é +2{le< lk]-‘!_2l>hua(k)+(+lk|v|—21,a” v|—2i)£,m;_%v—»

2

— )
—iwH(—2i|s| —2k) &,,; h, b + @) p® }:0

Table 3. The General System of Transport-Relaxation Equations.

coupled differential equations are called the “trans-
port-relaxation-equations”. They are listed in Table 3.
Before stating them more explicitly, we shall recall
the general relations for the relaxation coefficients
resulting from the time reversal invariance and the
conservation laws.

§ 10. Onsager-Casimir symmetry relations for the
relaxation coefficients. Conservation laws

Indicating the T-behaviour of the expansion ten-
sors explicitly the general non-zero relaxation
coefficient reads (PLTk|w|PLT k). According
to (5.16) one has
(PLTk|o|PLT' K)Y=T'T(PLT K |w|PLTE).

(10.1)

This is the general Onsacer-Casivir relation. As
has been shown in § 5, it follows from the micro-
reversibility of the binary collision.

Thus according to Table 2 we have the following
symmetries of the first few relaxation coefficients:

o® = 0% for i,k=1,2,3,4;

o'® = o® for i,k=1,2; (10.2)
o™ - %) for i,k=1,3,4 and i,k=2,5;
w'® = “’“for i=2,5; k=1,3,4; (10.3)
w‘i"f: '™ for i,k=1,2,3 and i=k=4;

»'® = oﬂiﬂf for i=1,2,3; k=4; (10.4)

0B = % for ,k=1,2,4,5,6 and i=k=3;
0B = — %) for i=1,2,4,5,6; k=3; (10.5)
0™ = w* for i,k=1,3,4,5 and i=k=2;
= —o0® for i=1,3,4,5; k=2. (10.6)
Due to the above symmetries and due to the con-

servation laws (4.11) for the number of particles,
the energy and the momentum one has respectively:

oy = ol =0,

i
0P = 0¥ -0 (10.7)
o = ©% =0,

§ 11. Explicit truncated form of the transport-
relaxation-equations

We now truncate the infinite system of linear
differential equations for the expansion coefficients
which is equivalent to the linearized Borrzmanx
equation. We retain only those coefficients pertain-
ing to the expansion tensors up to “total power” 3
and 2" rank of Table 2. But in addition to this, one
coefficient pertaining to “total power” 4 has been
incorporated (namely @®) ; it will be needed in the
discussion. After evaluating the required v- and
s-brackets and using (10.7), one obtains the follow-
ing finite system of transport-relaxation-equations
[see (8.3) for vy; R is recalled as the unit vector of
direction of the magnetic field] :
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a) Scalars (11.1)
ag(:) + % V3 diva =0,
S 1 Y div(y2a® + V5 a) 0.
b) Pseudo scalars (11.2)
SO T giv b 4V BE VP BE) ~ Vi oy h-a® + o0 -0
c) Vectors (11.3)
%’4‘& + % grad.(V3a® +12a®) +v, 1/2 %’Iﬂ =l
8'1 + "/2 wg h. b + L wH(h xa?), + v" rot, (V6 bW + 263 +1/5b3) +
8a;;,, 1 h b(l) 3 (2k) (k) _
v01/2 Wy pr + > o®® e =0,
Oz, V2 K=2
aa,, vo = (@) Uy 3 aa,w S (31—)
. ?grad,uVSa +?2‘/5 32, +Izzw b -0,
Qa P 3 vy /= Jafy 2) o
S+ g onthxa®) + Y5 - 715 wg hy b3 + 2 o a, =0,
5 5
'agt;‘) +~w; (hxa®),+ roty(Vlo b® —120b0) + v“ V5 aa’"f + > b e® ~0.
z, k=2
d) Pseudo vectors (11.4)
oA + % grad, bW — Y rot, @® + wy(h x b)), + 2o Bh + }i‘ o3 p&E _ 0
3t 3 ' Ve : V3 3z, g L S =
B 3804 05) - vtz i
o 3
+on(hxb®),+ wV2 E 5 enm g
Ty k=1
a;t + % grad, (]/}32 b 4 53 b))~ 2 rot,‘(Vs'a@ ~V2a®) - % (hxb®),
3 B4 v 2 JbW 3
—Pry )y h’ z J)' 5 *37,‘ + 1,21 oY P =0.
e) 2" rank tensors (11.5)
e 2 e | 2 3 3af? S LI g ®
3¢ + vy .‘/§ Be, +* o |5 ar; +k§=:1 w 3 a;y =0,
(@) 3] D] v 3 2
S 1 2o V5 35 4200 Ountars ha B + 2 V2 O i S22 +£Jw@a9=o,
Safy | vy 10V2 78(1 aa,f5) 3 V T 13 307 L)
at + s (75, = ar - VS ar )+ (03554 h/4 b + wH Dyv,l u'y' h} a D;u',J.,_u ¥ ‘——‘azl
3
+ 3 w®a® 0.
k=1
f) 274 rank pseudo tensors (11.6)
3B wHj @ (1) @ 1 p@)_ % ., Saih o b B
,,,a[ - — V2 h# + - (VS b + V2 b ]/E b# ) 3 D!U',A,.ll v a.’ti +wﬂ Dyv, l,yv h/l urve

2
+Se®p® _o
k=1

(2) - a 2 9
ab -+ VIO Wy h,u 0(4) vo V2 D‘uv,l, w'y' ’*g:“ﬂ +—‘- (0374 Duv A, u'v h}. .“ v + kzl w (_ZIE) b‘s};) =0
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The equations for momentum (vector @V) and spin
(pseudo vector B'V) do not formulate the exact
conservation of total angular momentum and the
orientation of spin by (local)rotations of the gas.
This point will be treated further in the following
section.

§ 12. Discussion of conservation equations

For brevity we shall discuss the conservation
equations in the absence of a magnetic field. Firstly
we deal with the conservation of number of particles
and energy. Using the physical interpretation of the
expansion coefficients given in § 8, one obtains the
familiar form of these conservation equations from
the equation (11.1) for ¥ and o',
continuity equation:

aa't' +diva(v) =0, (12.1)
conservation of energy:
,a[(%nkT)+div(q+{}nkT(v))=0. (12.2)
%]

Next, we have a short look at the equation for the
first pseudo scalar b (11.2), although this is not a
conservation equation. Using (8.8 and 10) this
equation reads:

%n(i)s) +diva(vv-8) + 0P n(v-8) =0
o4

(12.3)

with v =0/vy. Thus ®1} is the relaxation constant

of the average longitudinal polarization (helicity)
(v-8).

The conservation equations for momentum and
angular momentum have to be discussed in more
detail. The collision operator of the generalized
Bovrrzmany equation (1.14) is local. Thus we cannot
exactly derive from it the conservation equation for
total angular momentum and no antisymmetric part
of the pressure tensor shows up in the conservation
equation for momentum. But we do have a relaxation
of the spin in our theory, since the spin alone is not
conserved. There is another effect which we cannot
describe with a local collision operator (even in
thermal equilibrium) : the orientation of the spin by
a local or uniform rotation of the system (BArNETT
effect).

Ignoring the exact non-local collision operator, we
directly amend our transport relaxation equations in
two steps. Firstly, we add just one term in the

S. HESS AND L. WALDMANN

equation of motion for (8) which yields the correct
Barnerr effect in local thermal equilibrium. This
equation then already contains the correct anti-
symmetric part of the pressure tensor. Secondly, we
add this antisymmetric part to the pressure tensor in
the conservation equation for momentum. All the
other equations will remain unchanged.

In order to find these additional terms, we proceed
as follows. The distribution function fg, of a gas in
equilibrium (fy,=1/kT,) rotating with angular
velocity @ as a rigid body is proportional to
exp—fo[3 mv®— (1+khS8). w], where v is the
particle velocity in the lab-system, l=xxp the
orbital and k 8 the intrinsic angular momentum of a
particle. With the abbreviation v, =w xx(x =0 is
a point on the axis of rotation), this distribution
function reads:

fow = <"21§°)3n0(x)exp[— 2pm(v—v.,)2]

. _exsp{fohic s}
trexp{fyhw s}

(12.4)
with

ny(z) =

N exp[} fymuvo(2)?]/[ d3 exp[} fym va (27)2] .

N is the total number of particles. We assume  to
be small, then it is sufficient to retain terms linear in

w ., Thus
exp{foh w- s}

ol (14+8,hw:8).

trexp{fyhiw-s}  25+1 (12.5)

In this approximation we find for the Barnerr effect

(cf. appendix A. 5)
(s)Ow = "15502 ﬂo h w;

Expressing @ by the rotation of the velocity field,
rot (V)g, =2 w, one also has

(8)00=%S% fok rot(V)oo .
Now we assume the same relation between (8)

and rot (v) to be valid in local equilibrium if the
local rot (v) is small enough. Note, that in this

S?=S5(S+1).

(12.6)

linear approximation there is no alignment of (su s»)
or higher spin tensors, since these terms would at
least be quadratic in ® or rot (v) . Hence, in this
approximation the transport equations for aVe (v)
and b (8) only have to be amended.

We begin with the amended transport equation
for the pseudovector b, In the first equation of
(11.4) we simply supplement the relaxation term by
the following underlined expression which — accord-
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ing to the above remarks — is chosen in such a way
as to give the correct Barxerr effect in equilibrium:

3by’ |, vy 9b) Vo Qa ;P vy Obfix
S v Mo PV S0y EEAL DO :
ot + 3 Oz, 6 " 3z, + V3 Bz,
a,0 3
11 1 ca, 1k) p(k
+o (+1) (bf: dad lo Euri 'a‘;')-*- L-;" w("r l) bL) =0.

(12.7)
The length [, , according to (12.6) and (8.9 and 10),
is given by

ly=3Sovo Py = et .

m v,

(12.8)

Thus, [, is proportional to the mean thermal pe Broc-
LIE wave length of the particles. Obviously it is very
small in practical cases.

Equation (12.7) may be rewritten in the more
physical form, omitting the sum,

Shd{s,) 3S,,
MRy T Ba, (12.9)

3
+”ow(-}l-11)(h(s,u) —3ml2 e QL:?) —0.

3z,

Herein, the spin flux tensor S., is given by

S‘uv = I%j h So vo (?13‘ b(l) 6;4)’ = '1}6—8‘111‘1 ag,g)_l— "1_}‘3‘* bl(,clv))
— g7 (3 (V°8) 8w — 3 (vuss—vrsu) + {vuvy)
=noh(suvy) . (12.10)

Next, we shall find the antisymmetric part of the
pressure tensor. From the phenomenological theory
(s. 11, p. 301, eq. 2.29) one knows that, due to
conservation of total angular momentum, the relation
holds:

ah(.ﬁl)

3s,
fpih ("0 3% T o

p_) =2 Puv = Puv — Pru « (12.11)

0

——

Here, p.» is the antisymmetric part of the pressure
tensor. By comparison with (12.9) we see that

oy 3ea v
pw=— 3ngoHY (s,,vi h(s1) —mly? '78’;}3)’
(12.12)

P

3,y _1 (3¢ _ 3w
Bz, (78;7 G )
Note that p.» vanishes as soon as the polarization
equals the local BArNETT polarization.
Now, we discuss the momentum equation. The
first equation (11.3) again is a little incomplete. The

where

v

13 Tn our linearized theory no convective momentum flux
appears with a gas which is at rest in zeroth order.
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full momentum equation must have the form 13

(12.13)

where p.» is the complete pressure tensor. The latter
may be decomposed into its irreducible parts 14:

pur =1k T Sur+ Pror + prer - (12.14)

The symmetric part p. (shear friction tensor) is
given by

pp——

Pur = ,%271)02mn0a/(‘},) =nm< Vu Uy > .

(12.15)

It is already contained in eq. (11.3). For the anti-

symmetric part p.», which did not appear in (11.3)
due to the locality of the collision operator, we have
to take the expression (12.12), in order to ensure
a/n\gular momentum conservation. We also may write

puw in the following form

B, it Euri (S1) ) :

The rotational viscosity 7, is proportional to the
relaxation constant of the spin and given by

B (8(1}_,) h

pyv=77r (12.16)

Ne=tngo P m i (12.17)

Finally we estimate the rotational viscosity by
order of magnitude. Replacing @} by an effective
cross section o, according to

) (12.18)

11
1Y =ng vy 0,
one has

Ne=ng? ly? o, mu,. (12.19)

On the other side, the shear viscosity 7 is related to
an effective cross section o by

1

17;::7mv0. (12.20)
The ratio therefore is
M/n==[nely Voo, 1% (12.21)

As 1y in practice is even smaller than the atomic
diameter, the number in the bracket denotes the
number of particles in a volume smaller than an
atomic volume. This number is very small and the
influence of the rotational viscosity in the momentum
equation is entirely negligible as had, so to say, been
anticipated by equation (11.3). —

14 There is no bulk viscosity for dilute gases of particles
with spin.
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The shear viscosity 7 and the heat conductivity 4
may be inferred from (11.3) and (11.5) as func-
tions of certain relaxation coefficients ~o)§’;‘}) . This,
however — including the effect of an external
magnetic field on the heat conductivity and the
viscosity: SENFTLEBEN effect — will be discussed in
detail in a subsequent paper.

Appendix: Some spin traces

For the CartEsian components of the spin vector s
holds
(A1)

(A.2)

Su Sy —Sy Su=1 Euyi S1
susu=S(S+1) =52,
where S is the magnitude of the spin.

From (A.l1) and (A.2) and from invariance of the
trace under rotation of the coordinate system follows:

r1=25+1 (A.3)
trs,=0 (A.4)
5 i B Sgi (25+1) b, (A.5)
B 5, 8, S % S22 S+1) e (A.6)
So2
tr s, Sy Su Sy = 1 (25+1) (A7)

“[(Se®+ 1) (Bus Ours' + Opr’ Byi’) + (So2 —2) S O]
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For
Su Sy= % (su T S,u) perss é 502 6,14»

one finds the traces

(A.8)
tr s, s, 51=0, (A9)

trsu Sy S S = 15502 S12(2S+1) Ay, v
(A.10)

tr s, s,=0,

with
S2=S(S+1)—%.

Note that S;2=0 for spin S=%. For the definition of

A,y see (7.8). Finally we need in the text

| S |

tr Sy, Sy Si Sy’ Sy = —1r S) S Sy S’ Sy’

=2iS2S2(2S+1) [un,a,uw» -

(A.11)

—_— —

For the definition of [ ., 1,45 see (9.5).

This paper has partly been written during our stay
in the Department of Chemical Engineering of the Uni-
versity of Minnesota, Minneapolis. We thank very much
Dr. I. L. McLaucauiy and H. Raum for helpful discus-

sions.



